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Abstract 

Collective quadrupole degrees of freedom give rise to vibrations 
and rotations in nuclei. The axial Rotation Vibration Model 
(RVM) is here extended to describe also triaxial equilibrium 
shapes with and 7 vibrations allowing for the interaction 
between vibrations and rotations. This Triaxial Rotation Vi- 
bration Model (TRVM) is applied to Ba and Xe isotopes with 
A~120 to 130. This area has recently been pointed out to be 
a region for the 0(6) limit of the Interacting Boson Approx- 
imation (IB A). The present work shows that the TRVM can 
equally well describe these nuclei concerning their excitation 
energies and E2 branching ratios. 
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1 Introduction 



The collective quadrupole degrees in nuclei yield rotational and vibrational excitations. 
They are described by the Bohr-Mottelson Hamiltonian |Q. The wavefunctions for ro- 
tations and P and 7 vibrations in strongly deformed axially symmetric nuclei have been 
greatly improved in the Rotation Vibration Model (RVM) by Faessler and Greiner 0. |3|. 
|], [5| taking the interaction between the rotations and vibrations into account with an 
axially symmetric equilibrium deformation. 

Recently, the Ba and Xe region with mass numbers A«il20 to 130 has been studied 
experimentally [6, 9-15] and interpreted by several models: They compare different ap- 
proaches of the Interacting Boson Approximation (IBA) in the U(5) and the 0(6) limits 
(with different E2 operators) and the axial Rotation Vibration Model (RVM) and the 



Asymmetric Rotor Model (ARM) ||. They exclude the ARM ||, 11] because it cannot 
describe a K=0 band built on 7 vibrations |TT[ and because of the wrong staggering of 
the 2 + , 3 + , 4 + , 5 + , . . . excitation energies in the K=2 band. The argument with the K=0 
band built on 7 vibrations is trivial: The ARM does not contain 7 vibrations and thus 
cannot describe it. Because the staggering in the (K—2) quasi 7 band is not described 
correctly in the ARM, but given correctly in the RVM, the staggering seems to be due to 
rotation vibration interaction. Although the RVM ^, |], [| does quite well in describing 
the data, the Cologne group concludes [1 L] that the 0(6) IBA with the additional param- 
eter x i n the E2 transition operator does in average agree better with the data. Here, we 
want to show that this is connected with the restriction of the RVM ||, |||, f|, [5| to axial 
symmetry while IBA allows also for triaxiallity (0(6) = 7 instable limit). We present 
here an extension of the axial RVM to triaxiallity (Triaxial Rotation Vibration Model = 
TRVM). This model has the same number of parameters as the IBA used H |TTJ. We 
obtain an equally good agreement with the data as in IBA. 

In Section 2 we present the model which is an extension of the RVM |], allowing 
for a triaxial equilibrium deformation (TRVM). In Section 3 we compare the excitation 
energies and the branching ratios in the best measured Xe and Ba isotopes. Section 4 
summarizes the main results. 



2 The Triaxial Rotation Vibration Model 

In the Rotation Vibration Model J2L |^, f|, one characterizes as in the Bohr-Mottelson 
Model the surface of the nucleus by quadrupole deformations: 

R(e, 0) = i? (i + E «2 M v 2M (#, 0)) (i) 

The deformation parameters a 2fl are considered as dynamical variables and depend clas- 
sically on time. Their behaviour is governed by the Hamiltonian: 

H=\B y £ci IM a 2(t + V{a 2(t ) (2) 

The information about the equilibrium shape of the nucleus is contained in the potential 
energy V(a 2fJl ). The five quadrupole degrees of freedom a 2il can be replaced by the three 
Euler angles (0, 6, ip) for rotations and two deformation parameters 

^ = ^o(0, 0, V)(/3o + a'o(t)) + (£>L + Vl_ 2 )(a 2 + a' 2 {t)) . (3) 



Here po and a 2 give the equilibrium shape of the nucleus while a' (t) and a' 2 (t) describe 
vibrations around this shape. They are connected with the Bohr-Mottelson parameters 
through: 

A) + o'o(t) = pcosi'j) 

a 2 + a 2 (t) = -j=0sin{~{) (4) 

In deriving the Hamiltonian for the TRVM we follow very closely the derivation for the 
axial RVM in Ref.Q. With the transformation (|^) the Hamiltonian (0) can be written 
(see in Ref.0 eqs. (3) and (4)): 

H = T + V = T rot + T v n, + T rotv ib + V ao a 2 (^O' fl 2) (5) 

The different terms are obtained by the straight forward transformation (||]) and the 
expansion in powers of a' /bo and a 2 /ei2 up to second order. This assumes that the (5 and 
7 deformation is large compared to the vibrational amplitudes. This approach therefore 
does not allow to describe spherical or nearly spherical nuclei. The several terms in the 
TRVM Hamiltonian are given by: 
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The functions / , /i, and / 2 are obtained by the expansion mentioned above: 



f = -2-^ + 3-§ 2 - + -t(a 2 2 + 2a 2 a' 2 + a' 2 
Po Po Po 
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For the potential energy we assume a harmonic oscillator potential around the equilibrium 
shape: 

V(a' , a' 2 ) = -C a'o + C 2 a' 2 (7) 

For the diagonalization of the Hamiltonian we chose a basis of eigenstates of the Hamilto- 
nian H = T^t + T vi i, + V. The eigenstates of the unperturbed Hamiltonian H are easily 



obtained and labelled by the total angular momentum 7, the projection on the intrinsic 
3-axis K and the number of phonons for the f3-(rio) and 7 vibrations (n 2 ): 



Due to the rotation vibration part of the Hamiltonian T rotV ib several eigenstates of 77o are 
mixed. The unperturbed energies as eigenvalues of 77 may easily be obtained. They are 
given by: 

= W+l)"* 2 )£ + + («o + i)B, + (n , + i)E, 

0,2,4,6, forK=0 

K,K+l,K + 2,... for K^O 



with 7 




E p = h x j^ ; E 1 = hJ^ (9) 
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The operators /r are creation operators for harmonic oscillations. We diagonalize the 
Hamiltonian @, @, (0) in the complete basis (|8|). For numerical reasons the Hilbert 
space has to be truncated. We chose the 31 lowest basis states with K < 6 and up to two 
phonons (n 2 + n < 2). In notation (g) the most important states |7TT, n 2 no) are: 



(10) 



The TRVM has as the IBA four independent parameters. The vibration energies Ep and 
E-y, the inverse moment of inertia e = l/7o and the triaxial equilibrium deformation a 2 - 

The Hilbert space is too limited to describe the full variation of the moment of inertia. 
As in the competing IBA [13j we make for the energies the Lipas ansatz 

E = Eo/(l + aL E ) (11) 

T^o is the excitation energy obtained after diagonalization. The Lipas parameter is 
quite small (~ 10 _4 [keV -1 ]). It describes a variable moment of inertia. We would like to 
note that the number of parameters including the Lipas parameter is the same in TRVM 
and in IBA (including the effective boson charge in IBA). In the 0(6) limit the branching 
ratios of IBA depend only on the parameter x- But similarly most of the branching ratios 
in TRVM depend essentially only on the effective triaxiallity a 2 + a 2 . In addition, one 
could omit practically the (3 band and therefore the parameter E@ in TRVM, since the 
results for the branching ratios do almost not depend on the (3 band and the agreement 
would be equally good by omitting this band. But on the other side, this means also that 
our prediction for the (3 bandhead is not reliable. Both models therefore effectively have 
the same number of parameters. 



3 Comparison with the Data 



3.1 Energy spectra 



In Figure 1 we display our results for the energy spectrum of 130 Ba. The free parameters 
which give an overall best fit of the experimental data from Ref.||13|| are listed in Table 1. 
For comparison, in Figure 1 furthermore the calculated IBA values and the experimental 
results are shown. For the low spin states in the ground state band both theoretical 
results are in nice agreement with experiment. As a result of the applied Lipas fitting 
procedure lower spin states as the 4 + , 6 + and also the 8 + state lie slightly higher while 
the 10 + -state is little below the experimental values. This is due to the stronger effect of 
the Lipas procedure on higher spin states. 

For the excited K=2 band (quasi 7 band) we obtain in TRVM the experimentally 
observed staggering of even-odd angular momentum states. A pure triaxial rotor model 
without vibrations but with a 7 deformation of the nuclear surface does not exhibit this 
feature. The staggering thus seems to be the result of the rotation vibration coupling. 
We would like to note that the staggering increases with excitation energies in TRVM. 
In contrast, in IBA the staggering seems to be constant with growing excitation energy. 
Both models agree qualitatively with the data in the 7 band but not in detail. 

The K=0 band is interpreted in the TRVM as the 7 one-phonon band. The bandhead 
(0 + ) at 1179 keV is fitted through the vibration energy E 7 . For the TRVM the 0+-2+ 
splitting is nicely reproduced and in better agreement with experiment than IBA. The f3 
vibrational bandhead is at around 1150 keV. Up to now, the levels of this band have not 
been identified in the experimental analysis which might be difficult because the two + 
energies are very close. Since our values for the experimentally observed energy levels are 
almost not affected by the (3 band, we do not display it in Figure 1. 

In Figure 2 we show our results for the 126 Xe spectrum. There a different set of 
parameters must be used in order to fit the experimental data best. This set is displayed 
in Table 2. The agreement with the experimental level spacings is in the two theoretical 
models about the same. This holds for the ground state band as well as for the quasi 
7 band. In TRVM the staggering in low lying states is rather low. The free parameters 
a 2 //3o and Ep have to be increased relative to these in 130 Ba to get the best agreement. 
The excited + band is in good agreement with experiment and the level spacings obtained 
in TRVM are in better agreement with the experiment than the IBA calculations. 



Table 1 
Figure 1 



3.2 E2 Branching Ratios 

The electric quadrupole operator can again be obtained from the one in Ref. M by replacing 
a! 2 — > 02 + a! 2 . In collective intrinsic coordinates, it is given by: 



Table 2 
Figure 2 
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The reduced E2 transition probabilities are defined by [|2], |3], [|. [|: 

£(£2;/, - J,) = 2 ^^\(I l \\m(E2)\\I f }\" (13) 

We have calculated the measured B(E2) ratios to be able to compare them with the 
experimental results for both 130 Ba and 126 Xe. In Table 3 the results for 130 Ba are given. 
We see a fair agreement between the results of TRVM and the experiment as well as those 
of IBA except for the transition from the initial 4^ state. Here our result is about two 
orders of magnitude larger while the IBA result is two orders of magnitude lower than the 
experimental ratio B(E2,4^ — > 2^)/ B(E2,4g~ — > 4^). A similar discrepancy exists also 
for the transition (4^ — > 2^) as can be seen from the last entry in Table 3. Any B(M1) 
contribution to the 4^ — > 4^ transition cannot cure this disagreement. Table 3 

Table 4 shows the ratios of certain B(E2) transitions in 126 Xe . Here the agreement 
is much better between the models and the experiment; and both Interacting Boson 
Approximation and the Triaxial Rotation Vibration Model agree nicely with the data. 
This might be because only pure quadrupole transitions are used in Xe to define the 
ratios, while the uncertainty in the E2/M1 ratio in the normalising states is ignored in 
the case of Ba and transitions are assumed to be pure E2 transitions. 

Table 4 



4 Conclusions 

The Triaxial Rotation Vibration Model (TRVM) is successfully applied to Ba and Xe 
nuclei to obtain low lying energy levels. These results compare well with those obtained 
in the 0(6)-limit of IBA and with the experimental values both for the spectra and for 
relative E2 transition rates. The bandhead of the (3 vibrational band are not seen in 
experiment so far. Unfortunately, we are not able to specify very exactly the energy 
region for the bandhead or other levels of the (3 band since our calculated values are not 
very sensitive to the parameter Ep. 

Acknowledgment: We would like to thank Dr. Ingo Wiedenhover and Prof. Peter von 
Brentano for providing us the IBA results and for fruitful discussions. 
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Fig.l: Ground state, quasi 7 and K=0 band for 130 Ba in keV for the 
IBA calculation and the Triaxial Rotation Vibration Model (TRVM) compared 
with experimental values from Ref. [|ilfl . 



126 



Xe 



3500.0 



3000.0 



1500.0 



1000.0 



500.0 



0.0 



10 



2500.0 8 



2000.0 



TRVM 



7 + 



4 



10 



exp.[13] 



8 + 



,+ 7 



10 ' 



+ IBA 



3 + 



Fig. 2: Ground state, quasi 7 and K=0 band for 126 Xe in keV for the 
IBA calculation and the Triaxial Rotation Vibration Model (TRVM) compared 
with experimental values from Ref.[0]. 
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Table 1: Parameters of the TRVM in the present calcula- 
tions for 130 Ba. Ep and are the vibration energies, e is 
the inverse moment of inertia and ai / /3q the relative ratio of 
the static 7 and f3 deformations, oil is the Lipas parameter. 
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Table 2: Parameters of the TRVM in the present calcula- 
tions for 126 Xe. Ep and are the vibration energies, e is 
the inverse moment of inertia and ai / (3q the relative ratio of 
the static 7 and (3 deformations, oil is the Lipas parameter. 
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Table 3: B(E2) branching ratios of the TRVM 
for 130 Ba in comparison with IBA and with ex- 



periment from Ref.[13]. 
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Table 4: B(E2) branching ratios of the TRVM for 
126 Xe in comparison with the IBA and with experi- 
ment from Ref.[[ll]]. 



